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ABSTRACT

The purpose of this note is to apply results from the theory of Markov
chains with rare transitions to stochastic games. The results obtained
here are used in the proof of existence of equilibrium payoffs in two-player
stochastic games.

Introduction
The main purpose of this note is to apply results from the theory of Markov chains
with rare transitions to stochastic games. These results are briefly introduced in
the beginning of Section 1. Section 1 also contains additional results. Applica-
tions to stochastic games are given in Section 2. These results are extensively
used in [10].

Throughout the paper, we use € and C for weak and strict inclusion
respectively.

1. Markov chains

Most results in Section 1.1 are fairly standard. We refer to [1] for a detailed
survey. Our presentation differs in two respects. First, our setup differs from the
usual Markov chain setup in which the transition is assumed irreducible. Second,
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the literature on Markov chains with rare transitions assumes that the transitions
satisfy a large deviation principle. We make no such assumption. Even though
our treatment eventually turns out not to introduce additional generality (see
Section ‘1.3), it allows one to define a convenient compactification of a set of
transition functions.

1.1 INTRODUCTION.

Let S be a finite set and I" be a directed graph on S. We let S* denote the set
of sinks for T, i.e., the set of vertices s € S, such that no edge is incident out of
s. We assume that S* # @, and that for each s € S, there exists a path from s
to S*.

Let O be the set of all transition probabilities p on S, such that

p(s'|s) > 0 & (s,') is an edge of T

Let (si)x>1 be a Markov chain on S, with transition p € O, and initial state
s € S. We denote by P, , the law of (sx). The assumption on I is equivalent to
saying that the elements of S* are absorbing states, and that (si)r reaches S* in
finite time, whatever s.

For C C S\S*, we let e¢c = inf{k > 1,5 ¢ C} be the stage of first exit from
C, and we let Q; ,(-|C) denote the law of s... It is well-defined since ec < +o0,
P, p-a.s. For s € C, we denote by r, = inf{k > 1, s = s} the first return to s.

Freidlin and Wentzell expressed Q, p(-|C) in terms of graphs. For C' C S\S*,
define a C-graph to be a subgraph g of I" such that

e for each s € C, there is exactly one edge incident out of s; we denote by
g(s) its endpoint;

e for each s ¢ C, there is no edge incident out of s;

e ¢ has no loop.

It is clear that for every s € C, there is a unique state s’ ¢ C, such that g
contains a path from s to s’; moreover, this path is unique. In such a case, we say
that s leads to s’ in g. We denote by G¢ the set of C-graphs and by G¢(s — &),
s€ C,s" ¢ C, the set of g € G¢, such that s leads to s’ in g.

All graphs in the paper will have S as set of vertices. Thus, we shall identify
without ambiguity each graph with its set of edges. For instance, a subgraph of
I' is simply a subset of its set of edges.

Given p € O, and g € G¢, we define the weight of g under p by

wp(g)= [ w(s'ls).

(s,s') edge of g
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By [2] (Chapter 6, Lemma 3.3), one has

ZGc(s—m’) wp(g)
ZGC wp(g)

(1) Q. 5(s'1C) =

for every s € C,s' ¢ C,
Let G be the (finite) set of non-empty subgraphs of I'. In the sequel, we let a
sequence (p,), in O be given, such that

0(91,92) = lim Upa (91)

n—+oo Wy, (92)

exists, for each g, g2 € G. We describe the asymptotic behavior of the sequence
(pn)'
We denote by
GE™ = {g € G¢ such that 8(g’, ) < +oo, for every ¢’ € G¢}

the set of C-graphs ¢ such that no graph is infinitely more probable than g. Ob-
serve that GBI" 5 (. Indeed, let § € G¢ be such that wp, (§) = maxgeq, wp, (9)
for infinitely many values of n. Hence

7Y — 3 wpn(g)
0l9,9) = lim =G S

~—

for every g € Ge.

Let § € GZin. By definition, 0 < 6(g,§) < +oo for every g € G¢ and 6(g,g) >
0 if and only if g € GB™™.

Given s € C,s' ¢ C, we set GBI"(s — t) = GBP N Ge(s = t).

LEMMA 1: The following properties hold:
1. pa = limy, 400 Pn €Xists;
2. for every C C S\S*, s € C, t ¢ C, Q;,(t|C) = lim,_,00 Qs p,, (t|C) exists

and
o decgi"(s—n) wp, (9)

= li

n—oo Egeaxsin Wp,, (g)

We define the numerator on the right-hand side as zero if GBi"(s — ¢) = 0.
The use of the letter 6 is motivated by the remark that follows.

Qs,e (th)

Proof: Let s € S, and (5,5) be an edge of I'. By assumption, for every s, the
sequence
(pn(S’iS))
Pn(3]8) /n
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has a limit when n — +o0. Since ), s Pn(s'|s) = 1 for every n, the first claim
follows.

Fix go € GZ". Then

Wpy (9)
= ZQEGC(S—M) Wpa (90) deGc(s—yt) 9(ga90)
Qe (1) T S TN
ZQEGC‘ Wpy, (g0) geGc V\9> 90

_ ZgGGE‘,i"(s—rt) e(g? gO)
deG'gi“ 0(97 gO)

where the denominator is positive since 8(gg, go) = 1, and finite since gg € Gg‘i".
|

In particular, Q; (t|C) > 0 if and only if GB®(s — t) # 0. For t € C, we set
Qs,6(t|C) = 0. Observe that Q, 4(:|C) is a probability distribution over S.

Remark 2: Define a map ¢: O —]0, +00[9%C by

o(p)(91,92) = w”(gl), foreverype O, g¢1,92€6.
wp(.‘h)

Clearly, ¢ is an homeomorphism onto its image. Define © as the closure of ¢(O)
(the topology on [0, +0c] is the usual one, and [0, +00]9%€ is endowed with the
product topology). The topological properties of © have been studied, along with
various variations, in different setups (see [3, 6, 8] for instance). The space ©
provides a compactification of (@, which is convenient when using, for instance,
fixed-point techniques (see [7, 4] for examples in stochastic games and equilibrium
refinements).

1.2 COMMUNICATING SETS. For fixed n, the Markov chain with transition
function p, reaches S* in finite time. The law of the absorbing state seg, .
converges to Q; ¢(-|S\S*) as n goes to infinity. We now describe in more detail
the asymptotic behavior, as n goes to infinity. Let C C S\S* be a recurrent
set for p?. Informally, if the initial state belongs to C, the (random) number of
visits to any given state of C, prior to ec, increases to 0o as n increases to co.
The sets which satisfy this property are called communicating for §. Formally,
we introduce the following definition.

Definition 3: Let C € S\S* be nonempty. C communicates for § if

(2) lim Py, (ec <r) =0, foreverys,teC.

n—oo
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We denote by C(8) the collection of communicating sets for §. Let C € C(6),
and ¢t € C. Observe that lim, 10 Py p, (r: < ec) = 1. Denote by Ng(t) =
{1 < k < ec, sg = t}| the number of passages in ¢t before ec. Since

P, (No(t) > 2) =Ps,, (11 <ec) X Piyp, (s <ec),
one has limy, 00 Ps 5, (Nc(t) > 2) = 1 and, more generally,

lim Py, (Nc(t) >q) =1, for each integer q.

n—+400

Condition (2) is equivalent to Q,¢(t|C\{t}) = 1, for every s,t € C, s # t.
Therefore, for any t € C, and g € ‘é‘i\’it}, each state in C\{t} leads to ¢ in g.
More generally, the following property holds.

LEMMA 4: Let 0 # D C C and s € D. One has

Qs,G(CID) =1
Proof: Let s’ ¢ C, and t € C\D. Clearly, Q;0(s'|D) < Qs,6(s'|C\{t}) = 0.
]

It is convenient to introduce the union C(8) of C(6) and of the singleton sets
{s}, s € S\S*. Observe that C(6) is the collection of sets C C S\S* which satisfy

lim Py, (ec <ri) =0, foreverys,teC,

n—oQ

where r; = inf{n > 1,s, = t} is the first passage time in {. The elements of
C()\C(0) are the singleton sets which are transient for p®.

Observe that C; UCy € C(6) as soon as C; N Cy # 0. Therefore, C(6), ordered
by inclusion, has the structure of a forest (a collection of disjoint trees).

In this structure, the sons of C € C(6) are the maximal elements of C(6) that
are strict subsets of C. Since C(#) contains the singletons, the sons of C form a
partition of C.

LeEMMA 5: Let C € C(6), and s,s' € C. One has Q;(:|C) = Qs 6(-|C).
Proof: For n € N, and t ¢ C, one has
P,y (Sec =1) =Psp (Sec =tec <73)+ Psp.lec > 15) X Poy (Seq = 1t).

The result follows by letting n go to infinity. |

We simply write Qg(-|C) instead of Q,(-|C) when C € C(d). We provide
now a characterization of communicating sets. Let C C S\S* be given. Let D¢
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denote the collection of the maximal strict subsets of C that belong to C(6). D¢
is simply the set of sons of C if C € C(6). The next lemma simply says that C
is a communicating set if and only if the collection of its sons is closed for the
transition function defined by the exit distributions.

LEMMA 6: C € C(0) if and only if

(3) Qo(C|D) =1 foreach D € De¢.

Proof: (3) is a necessary condition. Assume now that (3) holds. Let p be the
transition function on C defined by p(:|s) = Qe(-|D) if s € D, with D € D¢, and
let C C C be a recurrent set for . We shall argue that C € C(6). Since C is the
union of at least two sons of C, this implies C = C, by definition of D¢.

Let t € C be given. For s € C, define u,(s) = Ps . (rf < eg). We need to
prove that u(s) = limp_,e0 un(8) = 1, for each s € C. Let s € D, with D € De.
One has

un(s) = Psp, (1§ <eg)
= Z Q;p,. (8'|D) X Py, (17 < €C).
s'eC
By letting n — + 0o, one gets

u(s) = Y B(s'Is)uls),

s'eC

hence u is harmonic with respect to . Since C is a recurrent set for 7, u is
constant on C. Since u,(¢t) =1 for each n, the result follows. |

A useful by-product of the previous proof is the following.

LEMMA 7: Let Ce C(f), and let D¢ be the collection of its sons. Then C is a
recurrent set for the transition function p defined on C by p(-|s) = Qu(-|D) if
s€ D with D € D¢.

This characterizes the elements of C(6) as the recurrent sets corresponding to
different levels of exit.

LEMMA 8: Let C € C(6).
1. Let D C C, and g € GB™™. All paths of g end up in C.
2. Let g € GB®. There is a unique s € C, such that g(s) ¢ C.

Proof: Since Qg(C|D) = 1, one has GB"(s —t) =0, foreach s € D, t ¢ C. This
proves the first part of the lemma. Let g € G2, and let so € C be a state such
that g(so) ¢ C. Given any C\{so}-graph gc\ (s,}» the union ge (5,3 U{(50, 9(50))}
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is a C-graph. Since g € G&", the restriction § of g to C\{so} thus belongs to

'(f.‘i\‘}so}. Since Qg(s0|C\{s0}) = 1, all paths of g lead to so. In particular,
g(s) € C, for each s € C\{so}- [ |

We conclude this section with few useful properties. The next result is a
consequence of the fact that, for C € C(6), no strict subset of D¢ is closed under
exit distributions

LEMMA 9: Let C € C(8), and let Do be the collection of its sons. Let D’ be a
strict subset of D¢, and g € GSL“ED, p- For each D € D', the restriction gp of g
to D belongs to GB®.

Proof: It is enough to construct, for each D € D', a D-graph §p € GB™ such
that Upep'§p is a Upep D-graph. Let pbe the transition function defined on D¢
by the exit distributions: p(D'|D) = Qg(D’|D), for D, D’ € D¢. By Lemma 7,
is irreducible. Therefore, there exists a D’-graph v such that p(y(D)|D) > 0 for
each edge (D,~(D)) of . For D € D', choose t € y(D) such that Qq(t|D) > 0,
and gp € GE™(s —t) (where s € D is arbitrary). By construction, Upep:gp is
a Upepr D-graph. |

LEMMA 10: Let C,D,E € C(f) be given, with C C D C E. Let gE\D € G’gi\‘}),
gp\c € Ggi\“c. The union gg\p U gp\c belongs to Gp\c-

Proof: Al paths of gp\¢ end up in C, hence gg\p U gp\c has no cycle. |

1.3 MARKovV CHAINS WITH PUISEUX TRANSITION FUNCTIONS. In the liter-
ature on large deviations and simulated annealing algorithms, a one-parameter
family (p.) of transition probabilities is given, and one studies its asymptotic
behavior, as € goes to zero. It is assumed that, for each 5,5’ € S, p.(s']s) ~
(s, 8')e4**) for some 7(s,s"),d(s, s') > 0.

We relate the previous section to this assumption, and derive a few auxiliary
properties.

Let (pe)eso be a family of elements of O, indexed by £ > 0. Assume that, for
each edge (s,s’) of T,

P(s']s)

: — ’ N> 0.
31_1)1(1) ———_W(s,s’)ed(sv”') 1, for some 7w(s,s’) >0, d(s,s') >0
Clearly,
(o) (;_I if d(g1) > d(g2)
— . wpz gl = (U'H’)Egl 1r(s,s') .f —
#or.92) "ET& Wy, (92) [l oheq, *os) it d(g) = d(g2)

+00 if d(g1) < d(g2)
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where d(g) = -, ;e d(5,8") for g € G.
The next result shows that there is essentially no loss of generality in
considering only this type of transition.

LEMMA 11: Let {p,) be a sequence in O such that

. Wp,(g1)
9 = lim P22t
1 92) = B e (0)
exists for each g1,g2 € G. There exist g > 0 and a family (pe)e<e, such that the
following two properties hold:
1. lim, 4o %ﬁ:g—:; = 0(g1, 92) for each g1, g2;
2. for each edge (s,s’) of T', the function € — pc(s'|s) has an expansion in

Puiseux series on (0,&q):

+o00
pe(s'|s) = Z axe®™M,  for some real numbers (ax)ren and M € N.
k=0

Proof: For e > 0, define K. as the set of vectors p € R5*S such that:
1. pe O
H(s,s‘)égl p(sls) < EH(S,S’)GQ? p(s'ls) if 6(g1,92) = 0

va'yegy P818)

0(g1,92) —€ < H(—‘m < 0(g1,92) +¢ if 0<(g1,92) < +o0
(s,8") €02

for every g1,92 € G.

The set K, is non-empty for ¢ > 0 small enough. The set {(¢,p),e > 0,p € K.}
is defined by a finite number of polynomial equalities and inequalities, i.e. is a
real semialgebraic set. The result follows by repeating the proof of Lemma VII
2.2, p. 3%4 in [5]. ]

We define the valuation of C C S\S* as
dc = mingego4(g)

(and dy = 0). We interpret some of the previous results in terms of valuation,
and give additional results. First, observe that GZ™" = {g € G¢,d(g) = dc}.

LEMMA 12: Let A and B be disjoint subsets of S\S*. One has dqup > da+dp-.

Proof: For each g € Gaup, the restrictions g4 and gg to A and B belong
respectively to G4 and Gp, and

d(g) = d(ga) + d(gn).
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The result follows by taking the infimum over g. ]

The next result, a consequence of Lemma 9, gives a condition under which
equality holds.

LEMMA 13: Let C € C(#), D¢ be the collection of its sons, and D' C D¢ be
given. One has

dUpepD = Z dp.
DeD!

The next result is a corollary of Lemma 10.

LEMMA 14: Let C,D,E € C(0) be given, with C C D C E. One has

dp\¢ = dg\p +dp\c-

In the sequel, we let so € S\S*, and & > 0 be given. We define D as the
minimal element of C(6) such that

(4) so €D and dp > dp\(s) +9|D|.

We assume that such a set exists.

LEMMA 15: Let C € C(#), with C C D. Assume sy € C. Then d¢ < dov{so} +
0|C|.

Proof: The claim is clear if C € C(8), by the minimality of D. Otherwise, C is
a transient state, hence d¢c = 0. |

LEMMA 16: For every s; € D, one has

dp\{s1} < dD\{so} +6(|D| - 1).

Proof: Let s; € D. If sy = s1, there is nothing to prove. We thus assume
s1 # sg. Let C C D be the least element of C(6) that contains both so and s;.
Let D¢ be the collection of the sons of C, and Cy C C be the son that contains ™
S0

It cannot be the case that s; € Cy. Otherwise indeed, Cy would contain at
least two states, so and s;, hence would belong to C(f#)—a contradiction to the
definition of C. By Lemma 14 (twice), dp\(s,} = dp\¢ + dc\(s,} and doy (5,3 =
de\(cous ) + dop- By Lemma 12, dg, < dgg\(s0} + 6|Col, therefore

dp\(s,} < dp\c +dc\(Couis1}) T dCo\{so} + I|Col
< dp\{se,s,} T 6|Col,
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where the last inequality follows from Lemma 12, applied twice. The result
follows since Cy is a strict subset of D. 1

COROLLARY 17: Let (s,s') be an edge of ' withs € D, s' ¢ D. Then d(s,s') > 6.
Proof: The union of {(s, s')} and of a graph in G‘Bi\“{ s} is a D-graph g such that

d(g) = dp\{s} +d(s,s")
< dp\{so} +8(1D| = 1) +d(s, "),
using Lemma 16. The result follows by (4). i

2. Stochastic games

2.1 Basic REsSuLTS.  We apply here the results of Section 1 to stochastic games.
For convenience, we restrict ourselves to two-player games, though the general-
ization is straightforward.

A two-player stochastic game is described by: (i) a finite set S of states, (ii)
finite sets A and B of actions available to players 1 and 2 respectively, (iii) a
transition function ¢ that specifies, for each (s,a,b) € S x A x B, a probability
distribution g(-|s, a, b) over S, and (iv) a payoff function which here is irrelevant.

The game is played in stages. At stage k € N, the two players know both the
past play and the current state sg; they independently choose actions a; € A,
bx € A, possibly at random. The next state is drawn according to ¢(-|sk, ak, bx),
and the game proceeds to stage k + 1.

Given a finite set M, we denote by A(M) the set of probability distributions
over M.

The behavior of a player is characterized by a strategy, which prescribes,
for each finite history, a distribution over the set of actions. A strategy that
depends only on the current state is called stationary. A stationary strategy
of player 1 can be identified with a vector £ = (z;)s¢s, where 2, € A(A) is the
distribution according to which player 1 chooses an action, whenever the current
state is s. Similarly, a stationary strategy of player 2 will be identified with a
vector y = (¥s)ses, where y; € A(B). We denote by O; the set of stationary
strategies € A(A)® with full support: z,(a) > 0 for every (s,a) € S x A. The
set O, of stationary strategies of player 2 with full support is defined similarly.

Given an initial state s € S, any pair (z,y) of stationary strategies induces
a probability distribution P, ., over the space (S x A x B)N of plays. The
coordinate process (sk, @, bx)x>1 follows a Markov chain under P, 5 .
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A state s € S is absorbing if ¢(s|s,a,b) = 1 for every (a,b) € A x B. The
subset of absorbing states is denoted by S*. We make the following assumptions:
Al S* #0;
A2 for every initial state s € S, and (z,y) € O1 x O, the game reaches S* in
finite time, P, ; ,-a.s.
In {9], it is proven that, in order to prove the existence of equilibrium payoffs
in two-player games, it suffices to consider games that satisfy Al and A2.
In order to apply the results of the previous section, we introduce the graph I'
over S, defined by the condition

(s,s') is an edge of ' & gq(s'|s,a,b) > 0 for some (a,b) € A x B.

By A1l and A2, the set of sinks for I' coincides with S* and, for each s € S, there
exists a path from s to S*. We therefore may apply the results of section 1.
Given (z,y) € 01 x O, the transition function p; 4 on S defined by

pzy(311s) = Z xs(a)ys(b)q(3/|3,av b)
(a,b)EAXB
belongs to the set O associated with the graph I'. In that sense, O; x O is
embedded in the set © defined in Remark 2. For convenience, we write ¢(z,y)
instead of ¢(pzy). The proofs can be extended to prove the next result.

LEMMA 18: Let (z,,¥n)neN be a sequence in Op x Oy such that 0 =
limy,— 400 #(Tn, Yn) exists. Then:
o (2%,9%) = limyy 400 (Tn, Yn) exists.
o There exists g9 > 0 and a family (z°,y%)c<e, Of elements of O x Oy such
that the following two properties hold:
- lime 0 ¢(2%,¥%) = 6;
— for each (s,a,b) € S\S* x A x B, the functions ¢ — z%(a) and € —
y<(b) have an expansion in Puiseux series on (0, o).

Hence, for each (s,a,b) € S\S* x A x B, there exist positive numbers 7,(a),
7s(b),dq(a), ds(b) such that z,(a) ~ my(a)e?(®) and y,(b) ~ ms(b)e?®) at zero.

In the sequel, we let D € C(6), sp € D, and 6 > 0 be given. We assume that,
among the communicating sets that contain sg, D is the smallest one such that
the inequality below is satisfied:

(5) dp > dp\(s} + 9|D|

(we assume that such a set exists). We conclude with a result which is motivated
by the analysis of positive recursive games (see Vieille [10]).
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LEMMA 19: Let F be an element of C() that contains D. Let g € G2™ and
7 € Gr be given. Let (s1,9(s1)) be the unique edge of g whose endpoint is not
in F, and sy € D be a state such that g(se) ¢ D. If s; € D and s, # s2,

d(s2,g(s2)) > d(s2,9(s2)) + 4.

Proof: Let C be the smallest element of C(6) that contains both s; and s, D¢
be the collection of its sons, and Cy € D¢ the son that contains s;. We choose
9ca\{s2} € Gaif{{”} and let gc, denote the union of gg,\(s,) and {(s2,9(s2))}.
Observe that gc, is a Co-graph. Since C; € C(6), all paths of ge,\ (5.} lead to sz,
hence all paths of g¢, lead to g(sz) ¢ D.

Since s1 # s2, one has s; ¢ C2, by definition of C. Denote by C; the son of
C that contains s;. Since g € G'Bi", the restriction of g to F\{s1} belongs to

}‘i\’}s]} (otherwise, substituting in g a graph in G} o) to the restriction of g
would yield a graph g in G such that d(g) < d(g)). By Lemma 14 (twice), the
restriction goyc, of g to C\Cy belongs to gl\an By Lemma 13, the restriction
gc. of go\c, to Cs belongs to GZ°. Therefore,

de, = d(QCz) 2 dCz\{-"z} + d(32’g(32))’

hence

(6) d(Gc,) = doy\(ss} + d(s2,3(s52)) < do, + d(s2,3(s2)) — d(s2, 9(52))-
We now discuss according to the location of s in D.

CASE 1:  sp ¢ Cy. Let E denote the smallest element of C(8) that contains both
50 and s3, £ be the collection of its sons, and E3 € £ the son that contains ss.
Hence E; = Cy if 59 € C, and E; D C; if s ¢ C. By definition of E, sg ¢ E».
Denote by Ej the son of E that contains so. Choose gp\g, §e\g, and gg,\c, in

Bi\“E, ‘}'3“\’}32 and G‘E;’{Cz respectively: the paths of gp\g lead to E, the paths
of gp\E, lead to E3 and the paths of gg,\c, lead to C2. Since the paths of gc,
lead to g(sz) ¢ D, the union § = gp\g U gr\E, U 8B,\c, U gc, belong to Gp,
hence

dp < d(Gp\g) + d(Ge\8,) + d(GE.\c,) + d(gc,)
<dp\g + dg\g, + dE\c, + do, + d(52,3(s2)) — d(s2,9(s2))-

—
-3
~—

By Lemma 13, dE\E2 = EE’E& E'£E, dg. By Lemma 15, dEo < dE'o\{so}+5|E0|-
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By substitution into (7), using Lemma 12, one gets
dp <dp\g +dEn\(so} + D & +dm\c, +dc, + 8|Ey|
E'€€\{Eo,Ex}
+ d(s2,§(s2)) — d(s2,9(s2))
<dp\{so} + 0 Eol| + d(s2,§(s2)) — d(s2, 9(s2))-
Since Ey C D, the result follows from (5).

CASE 2:  sg € Ca. It is enough to prove that

(8) dp < dp\(so} +0|Ca| + d(s2,G(s2)) — d(s2,9(s2)),

by (5) and since Cj is a strict subset of D.

If Cy = {s0} = {2} is a transient state, dc, = d(s2, g(s2)) = 0, hence d(gc,) =
d(s2,3(s2)) — d(s2,g(s2)). The union gp of gc, and of any graph in 'Bi\“{SO} isa
D-graph, with degree

9) d(gp) = dp\(so} + d(52,9(s2)) — d(s2,9(s2))-

Since d(gp) > dp, the inequality (8) follows from (9).

Otherwise, C2 € C(8) and C is a strict subset of D. By Lemma 15, dg, <
de,\{so} T 0|Ca|. Since all paths of gc, lead to g(s;) ¢ F, the union gp of gc,
and of any graph in G’B‘\“Cz is a D-graph that satisfies

d(gp) = dp\c, + d(dc,)
< dp\c, +dc, + d(s2,§(s2)) — d(s2, 9(s2))
< dp\c; t doy\(s0} + O1C2| + d(s2, §(s2)) — d(32, 9(s2))
< dp\(se} T 0|Ca| + d(s2,3(52)) — d(s2,9(s2)),

where the first inequality uses (6), the second follows from Lemma 15, and the
last one from Lemma 12. Hence (8) holds. |

The next result complements the previous one, by giving a result in the case

81 = 89.

LEMMA 20: Let F be an element of C(8) that contains D. Let g € G'2i® be given,
(s1,9(s1)) be the unique edge of g whose endpoint is not in F, and (a1,b1) € AXB
the unique pair such that q(g(s1)|s1,a1,b1) > 0. Assume that d,,(a1) = 0. Let g
be an F-graph, such that §(s;) ¢ D, and (a1,b;) € A x B the unique pair such

that q(g(s1)|s1,a1,5) > 0. One has

d31 (51) <é=> d31 (61) > 0.
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Proof: The union of any graph in Ggi\“{sl} and of {(s1,5(s1))} is a D-graph gp
with valuation
d(gp) < dD\{sl} +d,, (@1)+4 < dD\{so} +6(|D]-1)+ ds, (@) + 9,
where the second inequality uses Lemma 16. The result follows, using (5). |
COROLLARY 21: Let F € C(8) such that D C F. Let g,g € GB™". Let (s1,s})
be the unique edge of g such that s} ¢ F. Let (s3,s5) be an edge of § such that
s2 € D and s, ¢ D. Assume that s, € D, and that d(sq,as,(g9)) =0. Then
d(SZabsz(g)) <6= d(32,a32(g)) > d(32aa82(g))'

Proof: 1If s1 # 83, d(s2,bs,(7)) + d(s2,5,(7)) > d(s2,bs,(9)) + d(s2, a5,(g)) + 6
by Lemma, 19.

If sy = s2, one has d(s2, as,(9)) = d(s1,a,,(9)) = 0 and d(s1,b,,(g)) < 6 =
d(s1,as,(g)) > 0 by Lemma 20. |

2.2 ConNcLUDING REsuLTS. Let C € C(f). We give a link between Qg(-|C)
and the exit distributions induced by perturbations of (z?,y°). Denote by
é’C' =1+ {n > laQ(C|snaanayn) < 1}

the stage following the first one in which an action combination is played that
might induce exit from C. Denote by Q, ., 4. (-|C) the law of €¢ under (z,,yn)
starting from s, and set

Qo(10) = 1m Qs znn(10).

The support of a probability distribution u is denoted by Supp u. We define
Q¢ (2%,4%) = {a(ls, a,47), where (s,a) € C x A and ¢(Cls, a,3%) < 1},
Q% (%, v%) = {q(ls,2?,b), where (s,b) € C x B and ¢(C|s,z%,b) < 1},

% (=% y")
{q(:|s,a,b), where q(C|s,a,b) =0, ¢(C|s,a,v%) = ¢(C|s,z%,b) < 1}.

LEMMA 22: The distribution Qg (-|C) belongs to the convex hull of Q% (z?,y%) U
&(a,9%) U Qg (2%, 1°).

Proof: For s € C, define (A x B)(s) = {(a,b) € A x B, ¢(C|s,a,b) < 1}. For

t € S, one has

Ysecl{Xaxn(s) 5@y (0)a(tls, a,0)} X {Xogeqen ., Wee(9)}
ZgEGc Wy, (g)

Qo (t(C) = lim
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Thus

Z Z sapq(:]$, @, b),

s€C Ax B(s)

where

2@V Soecen, ., W (9))

Good !I‘I’I(l’ ZgEGc wp, (9)
Observe now that, given (s, a) such that ¢(C|s,a,y%) < 1, and b, b2 € Suppy?,
one has

Qsaby _ ys (b1)

Osaby - y8(b2)
The same property holds if one exchanges the two players. Observe also that,
given a ¢ Supp 2% and b ¢ Supp 39, such that ¢(C|s,a,y?) < 1 or ¢(C|s,2%,b) <
1, one has a4 = 0. This suffices to yield the result. ]

We now define an alternative notion of communication.
A perturbation of y is a distribution g such that Supp u C Supp 1.
Given any pair (z,y) of stationary strategies and C C S\S*, we define a
directed graph G¢(z,y) as follows:
o the set of vertices is C;
o for any two states s,s' € C, there is an edge from s to s’ if and only if
there exist perturbations Z, and ¥y, of z, and y, respectively such that
q(s'|3, s, §s) > O while ¢(C|s, Ty, Js) = 1.

Definition 23: Let (z,y) be a pair of stationary strategies. A set C C S\S*
communicates under (z,y) if the graph Ge(z,y) is strongly connected.

LEMMA 24: If C € C(6), then C communicates under (x?,y%).

Proof: 'We proceed by induction on the size of C. If |C] = 1, C is a closed
singleton set under (z?,4%), hence the result holds. Let C € C(6) and D¢ be the
collection of its sons. Let 81, 82 € C be given. We need to prove that G¢ (2%, y9)
contains a path from s; to s2. By the induction hypothesis, this is true if s; and
s2 belong to the same son of C.

Assume now that s, € D; and s; € Dy, where Dy and D, are distinct sons of
C. We prove that Gg(z?,3?) contains a path from s; to s. W.Lo.g., we assume
that Qg(D2|D;) > 0. By Lemma 22, there exists g € Q}, («%,4°)U 03, (2,4%)u

e o,y") such that (D) > 0 and ¢(C) = 1. To fix the ideas, assume q €
QDl( ,4%), and choose (5,,a1,5;) € D x A x D such that p(§2|§1,a1,ygl) >0
and p(C|51, 01,98 ) = 1. In particular, the edge (31, 3;) belongs to G¢(z?,1°).
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By the first observation, Gc(xe,ye) contains a path from s; to §; and from 3,
to s9.

By Lemma 7, D¢ is a recurrent set for p defined by p(D'|D) = Qg(D’|D). The
result follows. ]
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